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The additional surface plasmon resonance in a metallic nanoparticle originates from energy level
corrections to the ground and first excited states of the center of mass subsystem due to degenerate
state pairs of the system describing the center of mass and intrinsic motions of conduction electrons
within the model constructed by separating the conduction electron coordinates into the coordinate
of center of mass and the relative coordinates. Based on this model, we successfully explained
the measured additional surface plasmon resonances in silver nanoparticles encapsulated in silicon
nitride and the measurements for silver nanoparticles resting on carbon films. The additional surface
plasmon resonance occasionally disappears for metallic nanoparticles with radii below 4 nm and
generally appears in large nanoparticles. The additional and localized surface plasmon resonances
would evolve into the classical Mie resonance as the particle size increasing to macroscopic sizes.
PACS numbers: 73.20.mf, 31.15.xr, 36.40.Gk, 36.40.Vz
Besides the localized surface plasmon resonance
(LSPR) and bulk plasmon resonance, the conduction
electrons in a metallic nanoparticle (NP) also support an
additional surface plasmon resonance (ASPR), which can
be viewed as the counterpart of the Bennett resonance of
a semi-infinite metal [1]. However, the generation mech-
anism of ASPRs in metallic NPs is still debating, and dif-
ferent viewpoints of ASPRs exist. Liebsch believed that
the ASPR in a metallic NP is the excitation that has
dipolar angular character but with an additional node in
the radial distribution of the dynamical surface screening
charge compared to that of the principal Mie plasmon os-
cillation [2], while Tsuei et al. deemed the ASPRs as the
excitation in the electron-hole pair spectrum no longer
bearing purely dipolar character [3].
Nowadays, the electron energy-loss spectroscopy
(EELS) combined with an electron monochromatic and
aberration-corrected scanning transmission electron mi-
croscopy is able to achieve energy resolution down to
9meV and A˚ngstro¨m spatial-resolution in the studies of
individual plasmonic structures [4–7]. In the EELS ex-
periments, Raza et al. recently observed the ASPRs in
silver NPs with radius range from 4nm up to 20nm en-
capsulated in homogeneous silicon nitride and thought of
ASPRs as the combined effect of many multipole modes.
The ASPRs failed to be observed in silver NPs below
4nm in radius, which was ascribed to the decreasing of
EELS signals from high-order modes. However, by us-
ing time-dependent local density approximation, Ekardt
found that the ASPR appears in tiny sodium clusters
composed of special number of atoms [8].
The time-dependent density function theory (TD-
DFT) offers the possibility to address the electromagnetic
response of plasmonic systems at the quantum ab initio
level [9, 10]. However, the TD-DFT becomes compu-
tationally prohibitive because their computational cost
grows as fast as O(N3e ) such that their reach is limited
to systems with few thousands of electrons. The semi-
classical hydrodynamic Drude models (HDMs) deal with
differential equations of macroscopic particle density and
current density rather than single electron orbitals gain-
ing the advantage of numerical efficiency compared with
TD-DFT. By adding the gradient of ground electron den-
sity to the Thomas-Fermi kinetic energy, the hard-wall
boundary condition of HDMs can be removed and the
spill-out effect of conduction electrons can be included.
By assuming conduction electrons in different states mu-
tually collide, a viscous stress tensor is expected to play
the role of the Landau damping mechanism [11]. How-
ever, it is still challenging to build a quantum HDM com-
patible with all experimental findings [12].
For a metallic nanosphere containing N atoms with ra-
dius R encapsulated in medium with dielectric constant
ǫm, a quantum model can be constructed by separating
the conduction electron coordinates into the coordinate
of center of mass and the relative coordinates (SCRM).
The total Hamiltonian of the SCRM includes two sub-
HamiltoniansHC andHr, respectively describing the col-
lective and intrinsic motions of conduction electrons, and
a coupling term Hc between the center of mass of con-
duction electrons and the conduction electrons outside
the nanosphere, they respectively are [13, 14]
HC =
∑
{n}
(n+ 1/2)~Ωpbˆ
†bˆ
Hr =
∑
{α}
ǫαcˆ
†
αcˆα
Hc = A(bˆ† + bˆ)
∑
{α,β}
dαβ cˆ
†
αcˆβ , (1)
where the HC is of the standard harmonic oscillator
structure with the frequency Ωp = ωs
√
1−Nout/N ,
Nout is the number of conduction electrons out-
side the nanosphere, the parameter ωs slightly varies
around the classical Mie resonance frequency ΩMie =
ωp/
√
Re (ǫd) + 2ǫm due to the effects of shape, size, sur-
face facets and vertices [15], where ωp =
√
4πρee2/m
2is the bulk plasmon frequency. The coefficient A =
e2
4πε0R3
√
~N
2mΩp
, and the matrix element dαβ calculated
between two states |α〉 and |β〉 of Hr is
dαβ = 〈α|ξz(R3/|~ξ|3 − 1)Θ(|~ξ| −R)|β〉.
The energy levels and wavefunctions of conduction
electrons can be obtained by solving the equation
[− ~
2
2m
∇2 + Veff (|~ξ|)]ψα(~ξ) = ǫαψ(~ξ), (2)
where the effective potential Veff , usually including ionic
background potential, Hartree potential and exchange
and correlation potnetial, can be obtained by local den-
sity approximation calculation [16, 17]. The quantum
states of the total Hamiltonian can be expressed as |I, α〉,
where I and α are the quantum numbers respectively
characterizing the states of HC and Hr.
Within the SCRM, the LSPR frequency is given by
Ωq(R) = Ωp(R) +
2A2
~
∑
{αβ}
Fαfβ |dαβ |
2ǫβα
ǫ2αβ − (~Ωp)2
, (3)
where the sum is over the non-degenerate state pairs with
0 < ǫα − ǫβ = ǫαβ 6= ~Ωp; fβ = 1/(1 + e(ǫβ−µ)/kBT ) is
the Fermi-Dirac distribution factor; T , kB and µ are the
electronic temperature, the Boltzmann constant and the
chemical potential. We define Fα = 1− fα.
Eq. (3) is quite sensitive to energy levels of conduc-
tion electrons. However, to obtain precise energy levels
and wavefunctions is almost prohibitive for large metal-
lic NPs. Fortunately, Eq. (3) can be transformed into an
alternative expression [18]
Ωq(R) = Ωp(R)± πA
2
τ~
∑
{αβ}
(fβ − fα)|dαβ |2, (4)
where the signs ‘±’ are respectively for the LSPR energy
blue and red shifts, and the sum is over nearly degenerate
state pairs (NDSPs) with ǫαβ ≈ ~Ωp. It is obvious that
Eq. (4) greatly lowers the sensitivity to the energy levels
of conduction electrons.
We found that the SCRM accommodates the genera-
tion mechanism of ASPRs in metallic NPs. For a degen-
erate state pair {|0, α〉, |1, β〉} with ǫα = ~Ωp + ǫβ, the
perturbation energy correction to states |0, α〉 and |1, β〉
is easy to calculate and the result is ±A|dαβ | for |0, α〉
and ∓A|dαβ | for |1, β〉. Because the HC describes the
collective oscillations of conduction electrons, the per-
turbation energy correction to each state of a degenerate
state pair is virtually the correction to the corresponding
states of HC . It seems that these two sets of energy cor-
rections to the ground state |0〉 and first excited state |1〉
of HC with opposite signs would offset and produce zero
results. However, the positive energy correction A|dαβ |
would intensify the collective oscillation of conduction
electrons in the ground state, which violates the prin-
ciple that the ground state of a system would have the
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FIG. 1: (color online) The ASPR energy for silver NPs en-
capsulated in homogeneous silicon nitride versus the parti-
cle radius. Red squares and blue crosses respectively denote
calculated and measured ASPR energies. However, the first
two measured ones failed to be consistent with the calculated
ASPR energies, but perfectly consistent with the calculated
LSPR energies indicated by black empty circles [19]. The
squares of the lower panel denote the values of the parameter
~ωs for different individual silver NPs.
energy as low as possible. Therefore, the correct result
of perturbation energy correction of a degenerate state
pair {|0, α〉, |1, β〉} is −A|dαβ | for the ground state |0〉
and A|dαβ | for the first excited state |1〉. All degenerate
state pairs {|0, α〉, |1, β〉} of the total Hamiltonian would
yield the ASPR in a metallic NP with energy given by
~Ωa(R) = ~Ωp(R) + 2A
∑
{αβ}
Fαfβ|dαβ |. (5)
Eq. (5) shows that the ASPR energy is mainly de-
termined by matrix elements dαβ , which are insensitive
to energy levels and wavefunctions of conduction elec-
trons. It has been shown that most of energy levels of
Eq. (2) with a Woods-Saxon-like effective potential Veff
are nearly the same as those of the spherical potential
well of finite depth (SPWFD) [20], and the observable dif-
ference focuses on energy levels well above the Fermi sur-
face. However, the contribution coming from high energy
levels to Eq. (5) is suppressed by the Fermi-Dirac dis-
tribution factor. Only outside the metallic nanosphere,
the wavefunctions of the SPWFD decay slightly faster
than corresponding wavefunctions for the Woods-Saxon-
like potential well. However, the deviations of calculated
matrix elements by using the wavefunctions of the SP-
WFD from accurate results are negligible for not very
small nanospheres. Therefore, the SPWFD is qualified
to substitute for the complex single-particle effective po-
tential to calculate the energies of the ASPR and LSPR
in a metallic NP by using Eqs. (5) and (4).
However, there are no energy levels of Hr strictly sat-
isfying |ǫαβ | = ~Ωp, the main obstacle to calculate the
ASPR energy in a metallic NP by using Eq. (5) is how to
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FIG. 2: (color online) The plasmon resonance energy for silver NPs resting on carbon films versus the particle diameter. The
blue, red and green squares respectively denote the measured plasmon energies, calculated LSPR and ASPR energies. The
black squares denote the values of the parameter ~ωs for individual silver NPs. For clarity, all data are depicted in two plots
(a) and (b).
single out all degenerate state pairs. The energy levels of
Hr can be broadened out according to the formula [21],
E(ǫ, ǫα) = 2
π
√
ǫ
T
ǫα
(ǫ− ǫα)2 + 4ǫT ǫα
, (6)
where ǫ
T
= (~k 0)
2/2m, and k 0 = 0.13N
−1/3A˚−1. The
width of an energy level changes from zero to 2
√
4ǫ
T
ǫα.
We define the truly degenerate state pairs (TDSPs) pro-
ducing the ASPR as state pairs {|0, α〉, |1, β〉} satisfying
the condition
|~Ωp − |ǫαβ || ≤ A|dαβ |, (7)
while the NDSPs yielding the LSPR energy shift are de-
fined by the condition |~Ωp−|ǫαβ || ≤ (
√
4ǫ
T
ǫα+
√
4ǫ
T
ǫβ).
We calculated the ASPR energies for silver NPs un-
der the same conditions of the experiment performed by
Raza et al. [22]. The conduction electron temperature
is fixed at the room temperature (T = 300K). The cal-
culated and measured ASPR energies are displayed in
Fig. 1, which shows a quite good agreement between
calculated and measured results. The first two mea-
sured ASPR energies of silver NPs with radii 4.44nm and
5.94nm are not consistent with calculated ones. However,
these two measured plasmon resonances can be perfectly
explained as the LSPRs.
Because there are no or few TDSPs for few-nanometer
metallic NPs, the ASPRs do not exist or could be
drowned by the LSPR peaks in the EELS measurements,
which naturally explains the experimental observation
that the ASPRs disappear for silver NPs with radii below
4nm [22]. However, the present generation mechanism of
ASPRs does not exclude the appearance of the ASPRs in
few-nanometer metallic NPs. We found that for the silver
NPs encapsulated in silicon nitride with radius∼ 2.62nm
and the value of ~ωs ranging from 2.795 eV to 2.822 eV,
the ASPR energy varies from 3.23eV to 3.29eV, which is
even larger than the corresponding LSPR energy.
The observed plasmon resonances with energies ∼
2.80 eV in silver NPs with radii 4.44nm and 5.94nm and
∼ 3.11 eV in the silver NPs with radius 3.0 nm are not
the LSPRs but the ASPRs [22], which can be identified
by the size-dependence of the LSPR energy [23].
According to Eq. (5), the ASPR energies of large
metallic NPs obey the relationship ~ΩMie + C/
√
R [23].
Thus, the ASPR together with the LSPR would evolve
into the classical Mie resonance when the particle size
increases to macroscopic sizes.
The EELS experiments have explicitly shown that the
LSPR energies of silver NPs shift to higher energies by
remarkable deviations from the classical Mie resonance
energy and the plasmon resonance energies are not purely
monotonic but with a greater variety in peak locations
[22, 24, 25].
We calculated the LSPR and corresponding ASPR en-
ergies of individual silver NPs resting on carbon films,
which was studied in the EELS experiment done by
Scholl et al. [24]. In this experimental settings, it is obvi-
ous that the larger the particle size, the smaller the influ-
ence of carbon films on the effective dielectric constant
ǫm, which is more significant than the surface atomic
configurations of individual silver NPs to the parameter
ωs. Therefore, one can expect that the parameter ωs
for silver NPs resting on carbon films would exhibit a
larger variation than that for silver NPs encapsulated in
homogeneous silicon nitride. The calculated LSPR and
ASPR energies together with measured results are shown
in Fig. 2. Almost all of measured plasmon resonances
(blue squares) perfectly correspond to either calculated
LSPRs (red squares) or ASPRs (green squares). For a
silver NP with special sizes, the peak locations of the
LSPR and corresponding ASPR happen to be so close
to each other that they virtually merge into one peak.
Our calculation shows that three measured plasmon res-
onances could be explained as such merged peaks, which
4are indicated by arrows in Fig. 2.
When the diameter of a silver NP is below 2.0 nm,
conduction electrons have considerable possibility to stay
outside the NP. To substitute the SPWFD for the real ef-
fective potential begins to deteriorate, which is the reason
why the first calculated LSPR energy in Fig. 2 obviously
deviate from the measured result.
Much larger LSPR energy blueshifts from 0.8 eV to
1.2 eV are obtained in our calculations for silver NPs
resting on carbon films with diameters in the ranges
3.26− 3.32 nm and 3.44− 3.50nm.
In conclusion, we put forward the generation mecha-
nism of ASPRs in metallic NPs within the framework
of the SCRM. The calculated results for silver NPs re-
spectively encapsulated in silicon nitride and resting on
carbon films perfectly consistent with experimental mea-
surements indicate that this generation mechanism and
calculation scheme of ASPRs also the calculation for-
mula Eq. (4) of LSPR energies are reliable. The elec-
tromagnetic response of metallic NPs can be viewed as
the function of particle radius R and the parameter ~ωs,
which is impacted by the surface atomic configurations
and homogeneity of the external medium in close prox-
imity to the individual metallic NPs. The small varia-
tion of the variables could produce observable variation
on electromagnetic response of metallic NPs. For few-
nanometer metallic NPs, the calculation formula of en-
ergy blue shifts Eq. (4) and LSPR line broadenings in
reference [13] show that the LSPR energy shifts approx-
imately equal to their line broadenings. We hope that
these theoretical predictions will attract more theoreti-
cal and experimental explorations of ASPRs in various
nanostructures.
The data that support the findings of this study are
available from the corresponding author upon reasonable
request.
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